The chromatic uniqueness of certain broken wheels  by Koh, K.M. & Teo, C.P.
Discrete Mathematics 96 (1991) 65-69 65 
North-Holland 
Note 
The chromatic uniqueness of 
certain broken wheels 
K.M. Koh and C.P. Teo 
Department of Mathematics, National University of Singapore, Singapore 0511, Singapore 
Received 27 October 1989 
Revised 23 March 1990 
Abstract 
Koh, K.M. and C.P. Teo, The chromatic uniqueness of certain broken wheels, Discrete 
Mathematics 96 (1991) 65-69. 
Let W(n, k) denote the graph of order n obtained from a wheel W n by deleting all but k 
consecutive spokes. It is known that W(n, 1) (n ~> 4) and W(n, 2) (n >/4) are z-unique. Chao 
and Whitehead [1] showed that W(n, 3) (n ~> 5) and W(n, 4) (n >~ 6) are also z-unique but 
pointed out that W(7, 5) is not so. In this note, we prove that W(n, 5) is z-unique for n ~ 8. 
1. Introduction 
For a graph G, let P(G, ).), or simply P(G),  denote the chromatic polynomial 
of G. Two graphs G and H are said to be chromatically equivalent, or in short 
z-equivalent, written G-H,  if P(G, ~)= P(H, ).). A graph G is said to be 
chromatically unique, or in short x-unique, if for any graph H satisfying H - G, 
we have H --- G. 
A wheel Wn is a graph of order n, n ~> 4, obtained from a cycle Cn-1 of order 
n - 1 by adding a new vertex w adjacent o all vertices of the cycle. Any edge 
incident with w in Wn is called a spoke of the wheel. For any two integers n, k 
with n >~ 4 and 1 <~ k ~< n - 1, let W(n, k) denote the graph of order n obtained 
from a wheel W~ by deleting all but k consecutive spokes (see Fig. 1). It is known 
that the graphs W(n, 1) (n 94)  and W(n, 2) (n ~4)  are z-unique. Chao a~,t 
Whitehead [1] showed that the graphs W(n, 3) (n/> 5) and W(n, 4) (n >/t~) are 
also x-unique, but pointed out that W(7, 5) is not so (see Fig. l(b)). In this note, 
we show that all graphs of the form W(n, 5) are z-unique if n >t 8. 
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2. Some known results 
Fig.  1. 
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We shall denote respectively by V(G), E(G)  and x(G)  the vertex set, edge set 
and chromatic number of a graph G. For a graph Q, let I t (Q)  denote the number 
of induced subgraphs of G that are isomorphic to Q. 
Lemma 1. Let G and H be two x-equivalent graphs. Then: 
(i) [V(G)I = IV(H)t; 
(ii) IE(G)I = IE(H)[; 
(iii) x(G) = x(H);  
(iv) to(C3) = I,(C3); 
(V) IG(C4) - -  21c(K4) = 1t4(C4) - 21.(K4); 
(vi) G is connected iff H is connected; 
(vii) G is 2-connected iff H is 2-connected. 
The following observation, as show, in [1], plays an important role in proving 
that the broken wheels W(n, 3) and W(n, 4) are z-unique. 
Lemma 2. Let G be a graph containing at least two triangles. I f  there is a vertex of  
a triangle having degree two in G, then (A - 2) 2 [ P(G). 
3. The main result 
In proving that the graph W(n, 5) (n >/8) is x-unique, the following graphs of 
order n: R(n), S(n) and U(n; s, t) of Fig. 2 arise naturally for comparison. 
Some useful observations about the chromatic polynomials of these graphs are 
given below. Their proofs, which are omitted here, can be found in [2]. 
Lemma 3. (i) (~. - 2) 2 + P(W(n, 5)) for n >! 7; 
(ii) (A - 2) 2 X P(g(n))  for n >i 7; 
(iii) W(n, 5) ~ g(n)  for n >! 7; 
(iv) U(n; s, t) ~ U(n; s', t') iff s + t = s' + t'; 
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U(n;s , t )  (s > 0, t _> 1) 
s and t are the lengths 
of the paths 
(v) (A - 2) 2 ] P(U(n; s, t)) but (A - 2) 3 + P(U(n; s, t)); 
(vi) For n I> 7, (3. - 2) 2 X P(S(n))  (f n is odd, and O- - 2) 3 ~" P(S(n)) if n is 
even. 
We are now ready to prove our main result. 
Theorem.  For each integer n ~ 8, the graph W (n, 5) is z-unique. 
Proof .  Let G be a graph such that G ~ W(n, 5). Then by Lernma 1, C is of order 
n, size n + 4 and connectivity two. Also, z (G)= 3, 16(C3) --4 and Ic(C4)= 
It(K4) = 0. Let H be the subgraph of G induced by the edges of the four triangles 
in G, and assume that H is of order k. Clearly, k 1> 4. By Lemmas 2 and 3(i), H 
contains no vertices of degree twe in G. Thus 
2(n + 4) = ~'~ (d(v) I v ~ V(G))  >- 3k + 2(n - k), 
and so 
Denote 
4~<k<~8. 
a~=2( IE (n) l -k )  and /3 = I{v e V(H)  IdH(v)=2}1. 
Again, as H contains no vertices of degree two in G, we have 
2(n + 4) 1> ~ (dn(v) I v e V(H))  +/3 + 2(n - k) 
= 2 IE(H)I'+ 2(n - k) +/3, 
which implies that 
a+/3~<8. (*) 
We now list all the possible candidates of H with k vertices, wheie 4 ~< k ~< 8, in 
Table 1. Their corresponding values of oc and 13 are also given in the form (o~,/3). 
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Table 1 
H a : 
(~,~) = (4 ,0 )  
k=5J 
Hb " 
(6,0) 
(6,3) (6,a) 
! 
(6,3) 
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k~6] 
(6,2) (6,2) (8,0) 
k=7J 
Hf : 
(6,2) (6,3) (6,4) 
(6,3) (6,4) (6,4) (6,5) (6,4) (8,2) 
k=81 
(4,4) (6,4) (6,5) (6,4) (6,5) (6,5) 
(8,4) (&,5) (4,6) (6,6) (6,5) 
The condition (*) tr + fl ~< 8 implies that H ~ Hi where i = a, b . . . . .  g (see the 
Table). We claim that H - He. 
If H - Ha, then x(G)  >I 4, impossible. If H - Hb, then Ic(C4) - 2Ic(K4) = 
1 -  0 = 1, a contradiction. Assume H ~ Ha. By Lemma 3(i) and Lemma 2, we 
have G =R(n) .  But then by Lemma 3(iii), G ~W(n,  5). I f  H~He,  then 
Ic(C4) - 2Ic(K4) >t 1 - 0 = 1, impossible. If H -~ H I or H w. Hg, then by Lemmas 2 
and 3(i), we have G = U(n; s, t) for some s/> 0 and t I> 1, which is impossible by 
Lemma 3(i) and (v). We thus conclude that H ~ He, which implies by Lemmas 2 
and 3(i) again that G w_ W(n, 5). This shows that the graph W(n, 5), n/> 8, is 
x-unique. [] 
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Remark. Using the previous results and applying some arguments imilar to the 
proof of the above theorem, we have also obtained the following results: 
(1) The graph R(n) is z-unique for n ~> 7. 
(2) The graph S(n) is z-unique for n t> 8. 
(3) If G is a graph and G-U(n;s , t ) ,  where n/>8, s~>0, t>~l and 
s + t = n - 6, then G ~ U(n; s', t') for some s ' /> 0, t ' /> 1 such that s '  + t' = n - 6. 
Proofs of these results can be found in [2]. 
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